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* For eadh topologicd space X, we have a graded
ring, EM(R), e e,uirh'.-: mhumufaﬂné_ of X.
o Theee are vados diffetat venions , & o wiifying
axiomatic. frarewod . Our vesions have N (x) = EUIX),
¢ The cwmedt definibion is by homotopy Hheony. | bk
one  hopes for  an mfgﬁnfwr.flshﬁﬂul construchion,
o EN'(pit) is closely celated 1o e dng_ of
moduler fomo over .
o For maniblds M saliofyivg some low - dimens ronal

condifiond, we have o cobordiar savaiowl
L) & EITE (port) | called e elliphic geesa.

e Witen MME{H] in tems aFn.-Hura_ai'

i.{ﬂ'-ﬂﬁ:- moving  in M, and the indax of He Direc
opertor o fle Gree loop space LM = Map (&', M),
L Fﬂl"‘ w Ffdm ';{r -ﬂ.‘_ ’m W{EE'{_K}J T

naturnk  intecprehation in toms of (univend families of)
ellighic.  curies .



The chwmatic picture.

Stoble hwfuf% fhaony, s uhnﬂ-a_ filteed by
c hromalie E.u?w:.
De Rakm nhnmla-a-’. 20 uu'-a. fuar o.

K -theont  seeo loyer © & 1,

Elligtic cohomalogy, s lomer ©,1 & 2.

Higher a"ﬁm art. s by the Momva K-theoriea
Clpn). Thwe are comiucted separately for eack
pime p, and are nn'l'ﬂf-ndd fo be veny geomebric.
The theodes H, K & ElL have aosocidlad one -diemesaional
algebmic amys @ e adbitive amep . e multiplicatic gmep,
and (e fanily oF all) elliphc  cans .

The thearies K(pin) onlyy hawe an associalid fomal
qup  (sieilor to fle got of an elliphc cuve
infinitoimallsy  close T ze).



Cargpd.'-m with K- 4haony D
o K°(r) is He wt of forad Lfeencen FP-0,
ohere P AL Q are fiﬁnarrh.‘am Jassts of

-‘:-#"‘fl'-i" vecdor bundles ovr X .
o This is a dag wuder @ and ®, wak it ffs
o o gadkd g OO with KT = KX,

g ALTHMETIC !
- i Bass con be vesd tv comt vedor dulla on

sphets , of diket elbruats in stuble hometopy greves.
The calculations mvohe arithmebic pmputiea o

EWFJU- nmim,
@ AHALYSIS AWD PHTRICS :

An elliptic PDE on o manibld M has an Mvaro-t
e K'M), and e Atiyah - Singer indare fhaorte
elates Pois to the dimesivn afhsuhd'ion:sfum_
By cwesiduing He Dirnc eguation for elactons v M
we cbtoin a cobordiom invoriont T(M e T colled
e Todd gruo ( for complex M),

The equivadont K- thong o  -bundla ove [ -spases

& HoMOTOPY THEORY:
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COY e Kport) ®  APX)  Mp=wnples caberlom
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Sped
e Theer is n.c.uﬁ!arﬁa_fai‘ ab_,u&.:M:.fm

Roughlyy speaking , it D sbiwined fom He colegoy-

A spae by mrnduma_ sphecs of negative dimansion
o We wite LY for te asocuddid homotpy cofegony.

Thio is (mimolovsley) an additive.  cakeaomy .

s Thet it a smach Fruclu-t-t aftﬂfim Faal & amben
(%, 7)== Ka¥ . Thwis (s pnake gows to a tewsor rm;luci

g WK, BN MP°

e For each of e Huoriea
%n&-hnwﬁo«ﬂh&_w £ e & such that

"X = h(%,S"E),

(=G = Lo spec [ E"(CF),

Mﬂ‘,u‘!twww'i.



Elligtie_ano &
o We ned Pe ontheelic dfinkton of ellighe cunces |
ih o forr et is valid e all chemctedshigo o g sy 243,

Let k be o rhl.a_ writh asseciolad schame S = apeefk)

ﬂne.UJfﬁt-cuMmtrSIs a certoin kind of
qroep schiwme ov- 5, suhjh"-' to sorme Techaical axifows
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For sormt. 4, G,
and 33 ut he

amd. 4 have rgl'.u (of ordews L
pero - sechion &£ O, bkt o regqulor cloewhat . Thuo

o eolled o Weienimes gocametris afvon b Ces

f & s mvedible e & MWMLH,MH’HM.
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Arioratica of

o An ellighc spechim. comstsh of o ring spectum E
(it mosociolid formal growp € = b, spee (ETP™)
over S = speel Elpk)) ) dogethar Wil an elliptc
e C o S and a spedfed nomorphiom
f o & of fomal guugs.

o For lomp closts of elliphic cuves c/s, tae

is o cononicak (of evta m-ni.?uﬂ_) wany 1o conyuck
E as abowve ; snhc%urﬁ;ﬂ.i(}ft;ruh
o oo fo e cegoy oF ellipte ccnpves .
o Any ellighc spechnom  shoutd k#ﬁﬂu{“‘& ao
o« vearm of eflipht r:-hoﬂn‘ﬂg%__
o That is no wivenal elliphic wi,h-tﬂlﬂmw-w't
exanpleo of ellipht carvt W mild exta pryedics
(e ] amd j-I1FLR avedible)  ondfor ext shruchul
(en o bud shwcbet o€ varondk dileential fovm).

Mhose. oe dined. ovac s snel, w8 Ko 2] gt
o k= iﬁ_"ws'ﬂl}[ﬁd}. Thlﬂ_ W.wdmml. con A
e Moy, elliptic specdra. o Landwebe exack e Hazo
- . e N L
s o ashwak  Bomophm M r’x“&ﬁw Et) > EX,
by e Landieher exach funclor Haotw, ,



strick_commukuhivity.

Methods discussnd so foc covetruck dlighc spedmm E odly
ug to homeotoply , and -I"*Fmduqt s EaE—E
s :rﬂ-'ﬂ:._s, .;qpﬁpwi'u*iut ded sssecOtive v.-f‘h I""’"’*‘I'aps_

The M H, K end MV (and many ofler seecim
wTh analmtic  gc vgrﬂmmn&jﬂmhmm

more  rigidly. , with tmﬂé ommudotive L assocative
pnlu.afa. Con o b done for elliph HL‘JH‘_Aﬂgﬂ?
cih commdalivity hoo & poakable alghoi

(ot quanie s Given gk a€S ond a fncdy flak
gubqrowp Schast HeE (.  , et N onotler perk bet
q: Ga = Gy wth kemal

%,N&L&Mau elliptic specbm . Tavesin of 2
s eppecied to Je wmecesseng The method, js |
umwwf&f‘tw*ﬂmwfﬁnip&f
gty com mdetice speckrn of Ho requirtd type , and
one. finde ek the space 0 cohrnchbe (and s0 nnﬂ.-ff'j?)‘
Te rmethod wods Jhen .E:iiéﬁllﬂfuﬂ-.gmmm_
%HMMM Mw‘mfﬁtmﬂmdmr?h
£ an dlipht cuve uithh exd stweho, ond Heo at
oohy o ik rumber ok woll-spanted cheres  for
Hoak  shuchat .



Elligtic _queca

o For ony elliphc spedtim E, Phat is a camrical
mop o1 MSting — E Jrich 0 nebuwnl for megs
betwesn ellighc spechn. This s allsd the

ﬁ-‘ﬂ“lﬁﬂ*ﬂ#‘ﬁ'ﬁ-t
o Hee Msking = MOCE> is o specbum ctlaled fo cobombiom

ok macifblds it o frivielisafion of the feagent

pundle oticddid P Ha F-skelaton . Thia fih M o

qpunice it MO = Mo, MOCZ> = MID,  Molkd = Mipin .
o For pulfisdsr E and with skodly modified domadn,

e o ohemkution goes Lgvm"mu oftar nowes : the
ellighc gpaus fhe Ochaning geauso , or o Wiken graus -

.ﬁr%wprnﬂhnﬂnb&hﬂgﬂa.L
“wfmm‘g_ to e fﬂ"lfHHt rdeal shoof & feolipes

vemishing of jeco. We @t @'L) be fe @one bundle
oar C¥C rC whow bt al (a.b,c) i

Gy, = L® LOL 81" ® Loy ® Lo ® Lo @ Lathse
Ring ~ags Miking = E bijek with wivislastions of
GHL) itk cadedn Sgmrehy progefien, Precisels, one
such frivialisation ecinde o GO W 2l b all
of CrCrC ; dhis o wntsponds tp o Mo E
To pwk we Wol puitags ond cbicel ehuches.



Te Tale Curve

o Cien TeC\K we hove an anagic elliphc cuve
£={-'ffl.ﬂlt.}a'¢."“.f1'- [ whad 1:&““‘)
Htwupﬂlmt'!h-:mﬁmduhﬁﬂgi

aad  mtegrel  evngthing  fewms £ Formal powtr euies
b difion on elliphic cant Cop oves foo ey 241 .
kK () = 0[g]. Thee i o adhed ooy

1o wbeqeel (K Cot) oo an elliphic specbum

Givea o vectw bundle V over X , wet pul
AV)= I E€XW) € CEE] , e NV fla

a'th e Henor Ifl‘-l‘lr We fren ""‘t

2(v) = T gt hp¥) € K0
t;trcm-i'id-. charackeiste class |, i€
and. s elatid fo e
i grandun freld fhasy, -

This is o
y(vew) = v (V) y(w)
conotrachion £ Fock spaces

We can fwst Hhe Todl gpoaws

W TR R it
5 essaiirally T o - oviemkation.

o Do rabihy & ¢ gl £t §W € Kg, A) = THgT
« fe q-erpaoin o€ a moddar o 0 Z.
Wfiﬂaﬂ'”mﬂrﬂh Jebnibion € &, wmd G oo
explained by Willen's haucstic cdadahion o€ $(M) an
a petition  flnchion for the nonbirser o moddl

MF#"H"‘-'Hr.t., hn.j F
S e



Modulss fors
tFurmg.eWtMLaMS,ﬂmﬂ&uLﬁrﬂt
spaca  of hdnm*rhtw#m O which o focolly
a free modale & Aaale oma over (0.
-HMuW&n#wﬁnrinmhanw
bo leach € an oemaad f(C)6 T SR
nabwal o guibibl seage
o To moke conbuct with fhe lssrcal  analyt pidwe,
we have Ff_r‘:""nlf‘]='§ft”!1ﬂ“ for seTE

fnckion. o) sabiofgng 95017 = Exrd g0,

i%@ﬂfﬁafﬂn&iﬂﬁmmh
Jucibed oo Lo o oy ALz, Ih shuchve
s MF, = 1£c..q,a,n*]l,f’flm¢ﬂf-¢*ct)
A sleghk modificetion o& the dfmikvn gives do M

at, = 2le, 4, A /gl -4+ <)



Topdogical _modutar forms

o We dfine TMF 1o be He homotopy jwese lomit of
QHMLMI-, Fur%ahmhm*mm
fo wok W e ¢ oy of strichlsy commulufie ing.
gechn . (Detwlo ot not quite m place , bt Tt ae

e The wpesbrm TN is not helf elliphc { a5 st alley
becanoe Them s Ao wnivenal df.q-'h-u-.uﬂ}. TE 0
gedobic & gedod 5P, A stogitley edified  dufinition
gves & specdnie il b T Inf eo for nco.

o That ot nad vl rags T bmf — mf, &
w, TF —» N, , ik becrma [somaphions ofter

o Ths 5 & map MSting —>tmt and  mags
iy B for ol elliph sedm ©, suda Het
WEhing > F 2 E 3 He o= ovieabution.

s The hopad~for groribic. cootruckion o ellipht  chomdeqy
mmmm* mthar than on elliphs
spednt.

o Te e (4mf, T™F, Ell) s anolegous to kO , KO, KLY

s The hometopy "4 w, tef s kason by elaboaly
coludetions o€ Hopkina B Mahoudld. . Tt eacodka &
ﬂMmWM-FMf:MUHMM
hemofuge #)ovps & ..'-rhﬁ-r'a N p=2,



K-thaory £ K-Heooy

o Quilln difined on algebaic K-theony spectrurt
K{Rﬁﬁrm.a%m_mmhwd
tv difine KI(R) for omn SWL:; commrudative
e spechrum .

o Ia poticlar , we can conoide KLW), Jhae
L is e commcbive complex K- tleory spechnum

“ Rﬂﬁmhﬂmm L) dufads  some
panormena &  Joomatec fovell 2, ond agued
kW) shadd be wlatid fo Enf.

More Fuaafﬁ, ve ack i fla fllowing Jigom
con be filled ia

Pk, — 3 Kty — K(x)

| el |
LS - |
MStiny. ——> fmf —— LO

This wouldh make pork of Willen’s approds
matharaticollyy riogoms .

o The we ofter ulterph fo rmale dgoroma canndbi onn
with fhe phusics of conformal flald fheoy and vedex
daghrno (Seqok ; Stely- Teidhmas | Tammanci ).



Equivoriont. theoden ()

o The speta H, K and MP all have govt (- equiverink
venios for alk r,..-—-gn.(.é Lie grups , as do ofte
spechn St gremtric :iﬂniﬁgmu_

.Pﬂg.dhﬁ:grm E can b made H-tfd..u..-b-..t
for oy Pl abtkian grp A, subjeck to sore mild
tedmicelities . Hat spec (Eqlpt)) = Hom (A*,C),

o If C is fnk ad ol 5 nvebitle m 5, B, Pen
E con be mode G -equivaionl.

¢ If o is a E-*nﬁ'h-.%m E can be mode
1.'-n¢|ird-'fﬂﬂ¢. This i3 fle fint ﬂrai'!-t ot we
o8 aonhivial hig,kv mhmn{O% & sleaves pvke
elliphc cusrs .

o Crjpousii has comobudlid anslyti (. - egiveriont
aal - volued Hamies , for all comped Lie qres G-

Het ol c.n'm‘\iﬂ‘ﬁ, rings ot € ~algghras.



